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Abstract: We discuss how in the presence of a nontrivial RR two-form eld strength
and nontrivial dilaton the conditions of preserving supersymmetry on six-dimensional
manifolds lead to generalized monopole and Killing spinor equations. We show that the
manifold is Ka¨hler in the ten-dimensional string frame if F
(1,1)
0 = 0. We then deter-
mine explicitly the intrinsic torsion of the SU(3)-structure on six-manifolds that result
via Kaluza-Klein reduction from seven-manifolds with G2-structure of generic intrinsic
torsion. Lastly we give explicitly the intrinsic torsion of the SU(3)-structure for an N=1
supersymmetric background in the presence of nontrivial RR two-form eld strength and
nontrivial dilaton.
1 Introduction
A better understanding of N=1 supersymmetric compactications of string theory to
four dimensions is an important step towards more realistic string theories. A promising
avenue to take is to break the N=2 supersymmetry of the well-studied Calabi-Yau com-
pactications of type II string theories down to N=1 by including a background of RR
eld strength that may describe either internal RR fluxes or spacetime lling D-branes.
Of course their presence back-reacts on the metric. In particular the new supersymmetric
ground state is no longer a Calabi-Yau manifold. It is an interesting question to study
the geometry of these minimally supersymmetric ground states and to characterize how
their structure deviates from the one of a Calabi-Yau.
In [1] these questions have been addressed for compactications of type IIA with a
background of nontrivial RR two-form eld strength and nontrivial dilaton. This is the
situation that is easiest to analyze, since the triple (g; F; ’) of the groundstate metric g,
the background two-form eld strength F and the dilaton ’ can be described in terms
of a G2 manifold Y . Namely this is the internal manifold of the purely geometrical M-
theory compactication which via Kaluza-Klein reduction gives rise to the above type IIA
conguration.
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In these proceedings we rst construct explicitly an SU(3)-structure (gX ; J;  3) on
the six-dimensional base space X obtained by Kaluza-Klein reduction from a seven-
dimensional manifold Y with G2-structure. We then analyze the constraints that preserv-
ing N=1 supersymmetry in four dimensions imposes on this SU(3)-structure by requiring
the G2-structure on Y to be torsion-free. These constraints can be cast into a primitivity
constraint on F , a monopole equation relating d’ to F and a Killing spinor equation on
the associated SU(3)-invariant spinor. It immediately follows that the manifold (X; gX ; J)
is Ka¨hler in the string frame if the primitive part of F (1,1) vanishes.
Next we compute explicitly the intrinsic torsion of the SU(3)-structure (gX ; J;  3) on
X for a generic G2-structure on Y . Specializing this result to the case of torsion-free G2-
structure, we give the intrinsic torsion of the SU(3)-structure for an N=1 supersymmetric
background in the presence of nontrivial RR two-form eld strength and nontrivial dilaton.
Concretely, we show that in the notation of [2] its components are given by W1 = W
−
2 =
W3 = 0, W
+
2 = − F (1,1)0 , W4 = −( − 2)d’ and W5 = −( − 3)d’.
This intrinsic torsion is the obstruction for the Levi-Civita connection of (X; gX) to
have holonomy SU(3). It can therefore be seen as a measure of how the manifold fails to be
a Calabi-Yau. Recently the concept of intrinsic torsion of G-structures has been applied
to compactications with background elds in [3, 4, 5, 6, 7]. In [4] it is in particular
argued to describe the mirror of NS three-form fluxes in an otherwise purely geometrical
mirror compactication. For N=1 supersymmetric compactications to three dimensions
in the presence of background elds F and ’ and for further references we refer to [1].
2 From a G2-structure to an SU(3)-structure
Let Y be the seven-dimensional manifold to which one lifts in M-theory and gY the
background metric on Y . Via Kaluza-Klein reduction it is related to the background
metric gX on the internal space X of the type IIA compactication by
ds2Y = e
−2αϕds2X + e
2βϕ(dz + A)2; (2.2.1)
where A is the RR one-form potential and ’ the dilaton of type IIA. The parameters
 and  determine the frame of gX in ten-dimensional type IIA. They take the values
(; )=(1=3; 2=3) for the string frame.
Suppose Y carries a G2-structure. The latter is specied by the doublet (gY ;) where





Ae^B e^C ; (2.2.2)
where e^A for A = 1; : : : ; 7 is a frame of orthonormal one-forms w.r.t. gY and ABC are the
structure constants of the imaginary octonions. Moreover, the G2-structure singles out a
unique G2-invariant spinor . It is real (Majorana) and satises
γAB  = i ABC γ
C and ABC = −iyγABC: (2.2.3)
If and only if the G2-structure is torsion-free, the Levi-Civita connection associated to gY
has holonomy in G2 and in that case the spinor  will be covariantly constant w.r.t. the
Levi-Civita connection. This spinor  on Y is then the internal part of the supersymmetry
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generator in the N=1 supersymmetric M-theory compactication on Y . It is projectible
onto X along the U(1)-bers of the Kaluza-Klein bundle  : Y 7! X if it is constant along
these bers. In that case it becomes the internal part of the supersymmetry generator in
type IIA. Note that since this constant along the ber may vary over X, the spinor  as
seen on X has a U(1) gauge symmetry. In particular X need only carry a Spinc-structure
and not a Spin-structure.
If  is projectible and whether the G2-structure is torsion-free or not, the identity
(2.2.3) projects on X onto
γab = i  abcγ
c+ i Jabγ  and γaγ  = −i Jabγb; (2.2.4)
where we have dened  abc  abc and Jab  ab7 for a; b; c = 1; : : : ; 6 and where γ = γ7
is the chirality operator on X. Furthermore
 abc = −iyγabc and Jab = −iyγabγ: (2.2.5)
The spinor  on X can hence be used to build nowhere vanishing forms
 3  1
3!
 abce




on X. Moreover, since J ba J
c
b = − ca , this J ba denes a natural almost complex structure
on X with respect to which gX is automatically hermitian, with associated two-form J .
Splitting each tangent plane into a holomorphic and antiholomorphic space w.r.t. J ba one
sees that  3 is the real part of a (3; 0)-form Ω =  3 − i( 3). In particular the forms  3
and J are not only nowhere vanishing on X, they are also by construction invariant under
the action of SU(3) on the tangent bundle TX. Altogether, the triple (gX ; J;  3) denes
an SU(3)-structure on X. Its associated SU(3) invariant spinor is .
In summary, if Y is a (Kaluza-Klein) U(1)-bundle over X and has a G2-structure with
an associated projectible G2-invariant spinor, then the base X carries an SU(3)-structure.
This implies that the structure group of TX is SU(3). However, the SU(3)-structure on X
will generically have torsion, even if the G2-structure was torsion-free. I.e. although there
exist connections on TX that are compatible with the metric and have holonomy SU(3),
generically none of them will be torsion-free. In that case the Levi-Civita connection
cannot have holonomy SU(3) and X is not a Calabi-Yau. The intrinsic torsion of the
SU(3)-structure (X; gX ; J;  3) is the obstruction for it to be a Calabi-Yau.
In order to see how X fails to be a Calabi-Yau, we look at the dierential equations
satised by  on X or alternatively by  3 and J .
3 The monopole and Killing spinor equations
Let the G2-structure on Y be torsion-free so that we preserve N=1 supersymmetry in



































c −  (@a’)Jac

γc = 0; (3.3.1b)
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where we have dened F  e(α+β)ϕF and where Da denotes the covariant derivative w.r.t.
the Levi-Civita connection on (X; gX). Since γ
A are linearly independent, the latter of
these equations gives






F ab abc ,  d’ = 1
2
Fy ( 3); (3.3.2b)
where y denotes the contraction of forms w.r.t. the metric gX . On a Ka¨hler manifold
the rst of these would imply that F is primitive and even though (X; gX ; J) might not
be Ka¨hler we will refer to (3.3.2a) as a primitivity constraint. The second equation is
a generalized monopole equation. It relates d’ to the (2; 0) and (0; 2) parts of F w.r.t.
the almost complex structure. Inserting these into (3.3.1a) leads to the following Killing



















 = 0: (3.3.3)
This implies that the only nonvanishing components of the Nijenhuis tensor associated to







b − Fbd¯ d¯ a¯c







b¯ − Fb¯d d ac¯

; (3.3.4)
where we have used the holomorphic/antiholomorphic basis of TX w.r.t. J ba . The almost
complex structure dened by the spinor  is therefore integrable if and only if F (1,1)  0.
Since dJ = 0 we nd that in this case (X; gX ; J) is Ka¨hler for  = 2, i.e. denes a









 = 0: (3.3.5)
Since  is not covariantly constant w.r.t. the Levi-Civita connection for nontrivial ’, F (2,0)
and F (0,2), the SU(3)-structure (X; gX ; J;  3) however still has torsion.
4 The general relation between the intrinsic G2-torsion and
SU(3)-torsion
The intrinsic torsion of the G2-structure (gY ;) takes values in (g2)? ⊗ T Y , where
so(7)=g2  (g2)? and can be decomposed as [2]
X1 2 Y ⊗R; X2 2 214T Y; X3 2 427T Y; X4 2 7T Y; (4.4.1)
where nmT
Y denotes n-forms that transform in the representation m of G2. In particular
these representations imply that
X2ygY  = 0; ygYX3 = 0; ()ygYX3 = 0; (4.4.2)
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where ygY denotes the contraction of forms w.r.t. the metric gY . The components (4.4.1)
are determined through d and d() as [2]
d = X1() +X4 ^  +X3; (4.4.3a)
d() = 4
3
X4 ^ () +X2 ^ : (4.4.3b)
Let us furthermore introduce the notation
Xj = Yj + Zj ^ e^7; for j = 1; : : : ; 4: (4.4.4)
Then the constraints (4.4.2) take the form
X2ygY  = 0 ,

eαϕY2ygX 3 + Z2ygXJ = 0;
JygXY2 = 0;
(4.4.5a)
ygYX3 = 0 ,

eαϕ 3ygXY3 − JygXZ3 = 0;
 3ygXZ3 = 0;
(4.4.5b)
()ygYX3 = 0 ,
1
2
eαϕJ2ygXY3 + ( 3)ygXZ3 = 0: (4.4.5c)
In the following all the contractions will be taken w.r.t. the metric gX and we will drop
the label, i.e. y ygX .
Analogously the intrinsic torsion of the SU(3)-structure (gX ; J;  3) takes values in
su(3)? ⊗ T X, where so(6)=su(3)su(3)?. It can be decomposed as
W1 2 X ⊗ C; W2 2 (1,1)88 T Xjprimitive;
W3 2 ((2,1)6 T X  (1,2)6¯ T X)jprimitive; W4 2 (1,0)3 T X  (0,1)3¯ T X; (4.4.6)
W5 2 (1,0)3 T X  (0,1)3¯ T X;
where 
(n1,n2)
m T X denotes (n1; n2)-forms that transform in the representation m of SU(3).
In particular these representations imply that
JyW2 = 0 ; JyW3 = 0 ;  3yW3 = 0 and ( 3)yW3 = 0: (4.4.7)
We can similarly express the components of its intrinsic torsion through dJ , d 3 and








W−1  3 −
3
2
W+1 ( 3) +W4 ^ J +W3;
d 3 = W
+
1 J
2 +W+2 ^ J + Re(W5 ^ Ω) (4.4.8b)
= W+1 J
2 +W+2 ^ J +W+5 ^  3 +W−5 ^ ( 3);
d( 3) = W−1 J2 +W−2 ^ J + Im(W5 ^ Ω) (4.4.8c)
= W−1 J
2 +W−2 ^ J +W+5 ^ ( 3)−W−5 ^  3;
dΩ = W1J
2 +W2 ^ J +W5 ^ Ω; (4.4.8d)
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where we have used the (3,0)-form




j − iW−j ; for j = 1; 2; 5: (4.4.10)
The minus signs on the imaginary parts result from the fact that compared to [2] we use
the opposite orientation, where J = e14 + e25 + e36.
Using
 = e−3αϕ + e−2αϕJ ^ e^7; (4.4.11a)
() = e−4αϕ(J) + e−3αϕ( 3) ^ e^7 = −1
2
e−4αϕJ2 + e−3αϕ( 3) ^ e^7;(4.4.11b)
equations (4.4.3a), (4.4.3b) and (4.4.8a){(4.4.8d), as well as F = e(α+β)ϕF , one derives
the following four identities,




2 −  3 ^ Y4 + e3αϕY3; (4.4.12a)
( − 2)J ^ d’+ 3
2
W−1  3 −
3
2
W+1 ( 3) +W4 ^ J +W3
= e−(α+β)ϕX1( 3) + e−βϕJ ^ Y4 − e−(α+β)ϕZ4 3 + e−(β−2α)ϕZ3; (4.4.12b)
2J2 ^ d’− J2 ^W4 − ( 3) ^ F
= −2
3
J2 ^ Y4 + eαϕ 3 ^ Y2; (4.4.12c)
( − 3)d’ ^ ( 3) +W−1 J2 +W−2 ^ J + Im(W5 ^ Ω)
= −4
3
e−βϕ( 3) ^ Y4 − 2
3
e−(α+β)ϕZ4J2 + e(α−β)ϕJ ^ Y2 + e−βϕ 3 ^ Z2:(4.4.12d)
From these equations we can project onto the various Wj’s by suitable contractions and
express them through the intrinsic torsion (Yj; Zj) of the G2-structure. To this end it is
convenient to decompose forms as
F = F (0) J + F
(1,1)
0 + F
































3  3 +
~Z
(0)




( 3yZ3) 3 +
1
4
(( 3)yZ3)( 3) + 1
2
(JyZ3) ^ J + Z(2,1)3,0 + Z(1,2)3,0 ;
Y3 = Y
(0,1)
3 ^ Ω + Y (1,0)3 ^ Ω + (Y (2,0)3 + Y (0,2)3 ) ^ J + Y (2,2)3,0 + Y (1,1)3,0 ^ J + Y (0)3 J2;
(4.4.13d)
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where subscripts \0" denote primitive forms. Using projectors such as
Y
(1,1)
3,0 = Jy Y3 −
1
3






the components Wj of the intrinsic torsion of the SU(3)-structure (gX ; J;  3) can be ex-







e−(β−2α)ϕ ~Z(0)3 ; (4.4.15a)
W+1 +























W4 + ( − 2)d’ = e−βϕY4 + e−(β−2α)ϕ[Z(1,0)3 + Z(0,1)3 ]; (4.4.15g)
W4 − 2 d’+ 1
2







5 − 3 d’(1,0) +
i
4













The decomposition of the Xj’s into the Wj’s at the level of representations gures already
in [2]. Equations (4.4.15a){(4.4.15j) determine the explicit coecients that appear in this
decomposition for a metric (2.2.1) of the form that appears in Kaluza-Klein reductions
to an arbitrary frame.
Let’s now specialize again to the case of torsion-free G2-structure, where all the right




JyF  F (0) = 0; (4.4.16)
whereas equations (4.4.15g), (4.4.15h) as well as (4.4.15i),(4.4.15j) and their complex




Fy ( 3): (4.4.17)
In addition to these two constraints, the components of the intrinsic torsion of the SU(3)-
structure in the case of torsion-free G2-structure are given by
W1 = 0 ; W
−
2 = 0 ; W3 = 0;
W+2 = − F (1,1)0 ; W4 = −( − 2)d’ ; W5 = −( − 3)d’: (4.4.18)
7
Moreover, we recover the result from the previous section that for  = 2 the manifold
(X; gX ; J) is Ka¨hler if F
(1,1)
0 = 0, since then the only nonvanishing component of the
intrinsic torsion of (gX ; J;  3) is W5.
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